We analyze a 2D spin-pseudospin model, where the pseudospins represents the charge degrees of freedom. The model is known to undergo a phase transition with the simultaneous appearance of the long-range charge order and the spin gap. We show how the gap vs critical temperature ratio (also called the BCS ratio) gets renormalized from the classical non-interacting value. This value is also universal in the sense that is does not depend on the microscopic parameters of the model, and must be the same for various types of the Peierls-like transitions where the spin gap is accompanied by the structural, orbital or charge order.
The SAF pattern appears in various contexts, and it is also called columnar or stripe order in some more recent literature. The SAF charge order occurs along with dimerization and gap in the spin sector [10] . That is what we called the spin-SAF transition [7] [8] [9] [10] . Note that the spin gap is due to the frozen phonon displacements at the spin-Peierls transition, while the charge plays the role of phonons at the spin-SAF transition.
The molecular-field approximation is applied for the pseudospins [7] , while the spin sector is treated via minimization of the exact free energy of the dimerized Heisenberg XXX-chain
The specific free energy of the spin chain f s (T, δ) is an analytic function at T = 0 and can be expanded over
, where η(T, 0) is called the static dimerization susceptibility.
• Spin-SAF phase transition. XY Spin Chain: Free Fermions. -It is straightforward to obtain in a closed form the specific free energy of the XY spin chain mapped onto the spinless non-interacting JordanWigner fermions. To leading order [7] 
where C ≡ 4 πe 1−γ , γ = 0.5772... is Euler's constant. In the region J < J c (where J c = 2Ω is the mean-field value of the QCP of the IMTF (1) [10] ), the critical temperature is given by the BCS-type solution
The ground-state dimerization is
In the case of free fermions the spin gap depends linearly on dimerization, ∆ XY = Jδ. So the ratio of the zero-temperature spin gap (∆ • ) and the critical temperature (a.k.a the BCS ratio) in the regime J c < J is
which coincides exactly with the classical result for the superconducting gap in the BCS theory [14] .
• Spin-SAF phase transition. XXX Spin Chain: Interacting Fermions -sine-Gordon Model. -The Heisenberg spin chain can be mapped onto the model of interacting Jordan-Wigner spinless fermions, and the low-energy sector of the fermionic Hamiltonian in its turn can be bosonized [13] . Neglecting the marginal term, the dimerized spin chain maps onto the sine-Gordon model [13] 
where v = π 2 J is the bosonic velocity and µ = Aǫ π δ. The relevant perturbation of the free bosonic part of the Hamiltonian (9) comes from the spin dimerization term (−1) n S n S n+1 ∼ A ǫ cos √ 2πφ. The amplitude A ǫ is not known exactly yet, but according to the approximate calculations of Orignac [16] 
Using the sine-Gordon model (9) to approximate the low-energy sector of the dimerized Heisenberg chain (4), the free energy of the latter reads to leading order [13, 17] f s (T, δ) = −Jt • − 1 3
and t • ≡ ln 2 − 
The phase diagram of the Ising-XXX model is shown in Fig. 2 . From the ground-state specific energy of the sine-Gordon model [15, 18] 
(M is the dimensionless soliton mass) we get the ground-state energy of the Heisenberg chain (4):
where the zero-temperature spin gap ∆ • = π 2 JM is related to the dimerization as follows:
The ground-state spin gap:
Combining Eqs. (13, 17) we obtain the BCS ratio:
The same BCS ratio for the spin-Peierls transition was first obtained by Orignac and Chitra [17] . We would like to stress that the above result is exact for the IMTF coupled to the sine-Gordon model, i.e., when the marginal terms in the Heisenberg spin Hamiltonian are neglected. Similar to the non-interacting result (8), the ratio (18) does not depend on the microscopic parameters of the model, and even the dimerization amplitude A ǫ cancels. In this sense we interpret this as a universal result. The interactions renormalize the BCS ratio away from the free fermionic value of 1.76.
• Conclusions. -The BCS ratio in the interacting Ising-XXX model is calculated. Similar to the classical free-fermionic case, this value is also universal in the sense that is does not depend on the microscopic parameters of the model. We conjecture that it must be the same for various types of the Peierls-like transitions where the spin gap is accompanied by the structural, orbital or charge order. An extension of these results taking into account marginal terms of the spin chain Hamiltonian is warranted.
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